Abstract. In this short paper, we study n-representation-finite algebras from the viewpoint of fractionally Calabi-Yau algebras. We shall show that all n-representation-finite algebras are twisted fractionally Calabi-Yau. We also show that twisted n(ℓ−1) ℓ -Calabi-Yau algebras of global dimension n are n-representation-finite for any ℓ > 0. As an application, we give a construction of n-representation-finite algebras using the tensor product. suggest that the fractionally CY property becomes more and more important in representation theory, singularity theory, commutative and non-commutative algebraic geometry. The aim of this short paper is to apply the fractionally CY property in the study of n-representation-finite algebras defined below.
There is a natural generalization of the classical notion of representation-finiteness from the viewpoint of a higher analogue of Auslander-Reiten theory [Au, I1, I3] studied by several authors [EH, GLS1, IO1, IO2, Lada, HZ1, HZ2, HZ3] . We say that a finite dimensional algebra Λ over a field K is n-representationfinite (for a positive integer n) if gl. dim Λ ≤ n and there exists an n-cluster tilting Λ-module M , i.e. add M = {X ∈ mod Λ | Ext i Λ (M, X) = 0 for any 0 < i < n}, = {X ∈ mod Λ | Ext i Λ (X, M ) = 0 for any 0 < i < n}.
Clearly 1-cluster tilting Λ-modules are additive generators of mod Λ, and so Λ is 1-representation-finite if and only if it is representation-finite and hereditary. The following result [I4, 1.3(b) ] plays an important role in this paper.
Proposition 0.1. Let Λ be an n-representation-finite algebra. Let be the functor. Let P 1 , · · · , P a be isoclasses of indecomposable projective Λ-modules, and let I i := νP i the corresponding indecomposable injective Λ-modules.
(a) There exists σ ∈ S a and positive integers ℓ 1 , · · · ℓ a such that τ ℓi−1 n I i ≃ P σ(i) for any i. (b) There exists a unique basic n-cluster tilting Λ-module M , which is given as a direct sum of the following mutually non-isomorphic indecomposable Λ-modules. Throughout this paper, let K be a field and Λ a finite dimensional K-algebra of finite global dimension. We denote by D = D b (mod Λ) the bounded derived category of mod Λ. Then the Nakayama functor
gives a Serre functor, i.e. there exists a functorial isomorphism
for any X, Y ∈ D [H, BK] . For a K-algebra automorphism φ of Λ, we define an autofunctor of D by
where we denote by Λ φ the Λ ⊗ K Λ op -module such that the right action is given by a · b := aφ(b). We say that Λ is twisted fractionally CY (or twisted 
Main results
Our first result is the following. Theorem 1.1. Let Λ be a ring-indecomposable n-representation-finite algebra.
(a) Λ is twisted fractionally CY.
(b) Let a be the number of simple Λ-modules, and let b be the number of idecomposable summands of the basic n-cluster tilting Λ-module. Then Λ is twisted
Our second result shows that a certain converse of the statement (a) above holds. Definition 1.2. We say that an n-representation-finite algebra Λ is ℓ-homogeneous (or simply homogeneous) if ℓ := ℓ 1 = · · · = ℓ a holds in the notation of Proposition 0.1. In this case, we have b a = ℓ for a and b in Theorem 1.1(b). Theorem 1.3. For a finite dimensional algebra Λ and a positive integer ℓ, the following conditions are equivalent.
(a) Λ is ℓ-homogeneous n-representation-finite.
A typical example is given by tubular algebras of type (2, 2, 2, 2) [R] for the case n = ℓ = 2. They are known to be 2 2 -CY [LM] , and also to be 2-representation-finite [IO2] . Let us apply these results to construct n-representation-finite algebras using the tensor product. The following easy observation shows that fractionally CY algebras behave nicely under the tensor product, where we denote ⊗ K by ⊗. 
As an easy consequence, we have the following useful result. Corollary 1.5. Let K be a perfect field and ℓ a positive integer. If Λ i is ℓ-homogeneous n i -representationfinite, then
This is interesting since n-representation-finite algebras do not behave nicely under the tensor product unless we impose homogeneity.
We end this section by an observation on endomorphism algebras Γ := End Λ (M ) of n-cluster tilting Λ-modules M . They are called n-Auslander algebras, and characterized by homological property gl. dim Γ ≤ n+1 ≤ dom. dim Γ [I2] . If Λ i in an ℓ-homogeneous n i -representation-finite algebra, then the n i -Auslander algebra of Λ i can be described as
of the n i -Auslander algebras Γ i . This is also interesting since n-Auslander algebras do not behave nicely under the tensor product.
Homogeneity and (n + 1)-preprojective algebras
In this section, we further study the homogeneity of n-representation-finite algebras.
The following result gives a useful criterion for n-representation-finite algebra to be homogeneous.
Proposition 2.1. Let Λ be a ring-indecomposable n-representation-finite algebra. Then Λ is homogeneous if and only if ℓ i = ℓ σ(i) holds for any i.
For an arbitrary n-representation-finite algebra Λ, we denote by
. It is shown in [IO2] that Π is a finite dimensional selfinjective algebra. A Nakayama automorphism ψ of Π is an automorphism which gives an isomorphism DΠ ≃ Π ψ of (Π, Π)-modules. This is uniquely determined as an element of the outer automorphism group of Π. Moreover ψ * = Π ψ ⊗ Π − ≃ (DΠ) ⊗ Π − : mod Π → mod Π gives the Nakayama functor. The following result gives the relationship between ψ and σ.
Proposition 2.2. Let ψ be a Nakayama automorphism of Π, and let σ be in Proposition 0.1. Then we have ψ
The following main result in this section characterizes homogeneous n-representation-finite algebras in terms of the corresponding (n + 1)-preprojective algebras.
Theorem 2.3. Let ψ be a Nakayama automorphism of Π, and let I be the ideal of Π such that Λ = Π/I. Then Λ is homogeneous if and only if ψ(I) = I.
This gives another characterization of homogeneous n-representation-finite algebras in addition to Theorem 1.3.
When Λ is homogeneous, we can interpret a Nakayama automorphism of Π as follows: By Theorem 1.3, there exists a K-algebra automorphism φ of Λ such that ν ℓ ≃ [n(ℓ − 1)] • φ * . Since φ * Λ = Λ, we have the action of φ on each Hom D (Λ, ν −i n Λ) and so Π. Proposition 2.4. φ is a Nakayama automorphism of Π.
3. Examples 3.1. Path algebras. Let us consider Dynkin diagrams:
The Coxeter number h of each Dynkin diagram is given as follows:
The following proposition is well-known [MY, 4 .1].
Proposition 3.1. Let Q be an acyclic quiver. Then KQ is (twisted) fractionally CY if and only if Q is a Dynkin quiver. In this case, KQ is h−2 h -CY. Now we define an involution ω of each Dynkin diagram as follows:
• For A n , we put ω(i) = n + 1 − i.
• For D n with odd n, we put ω(n − 1) = n, ω(n) = n − 1 and ω(i) = i for other i.
• For E 6 , we put ω(1) = 6, ω(2) = 5, ω(5) = 2, ω(6) = 1 and ω(i) = i for other i.
• For other types, we put ω = id. Proposition 3.2. Let Q be an acyclic quiver.
(a) The following conditions are equivalent.
(i) KQ is ℓ-homogeneous 1-representation-finite for some ℓ.
(ii) Q is a Dynkin quiver and the orientation is stable under ω. (c) ω-stable Dynkin quivers are classified by ℓ as follows.
ℓ ℓ ( = 6, 9, 15) 6 9 15
Proof. (a) This follows from Gabriel's description of Auslander-Reiten quivers of KQ [G] .
(b) Immediate.
By Corollary 1.5, for any choice of algebras Λ 1 , · · · , Λ k which belong to the same column in the table in (c) above, we have an ℓ-homogeneous k-representation-finite algebra Λ 1 ⊗ · · · ⊗ Λ k .
As one of the simplest examples, we have the following 2-representation-finite algebras.
•
3.2. n-representation-finite algebras of type A. We give different class of examples of ℓ-homogeneous n-representation-finite algebras based on results in [IO1] . We fix positive integers n and s. We define the quiver Q := Q (n,s) by
where f i denotes the vector
Example 3.3. Q (1,5) , Q (2,4) and Q (3,3) are the following quivers.
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We define a K-algebra Γ := Γ (n,s) by the quiver Q with the following relations: For any x ∈ Q 0 and 1 ≤ i, j ≤ n + 1 satisfying
We call a subset C of Q 1 an admissible set if it contains exactly one arrow from each cycle of length n + 1 in Q. In this case, we define a K-algebra by
A main result in [IO1] is the following.
Proposition 3.4. For any admissiple set C of Q, the algebra Λ C is an n-representation-finite algebra with the (n + 1)-preprojective algebra Γ.
It is natural to ask when Λ C is homogeneous. Let ω be an automorphism of Q defined by ω(a 1 , a 2 , · · · , a n+1 ) := (a n+1 , a 1 , · · · , a n ).
We leave the proof of the following statement to the reader.
Proposition 3.5. ω induces a Nakayama automorphism of Γ.
By Theorem 2.3, we have the following characterization.
Theorem 3.6. Let C be an admissible set of Q. Then the n-representation-finite algebra Λ C is homogeneous if and only if ω(C) = C. In this case, we have ℓ = s−1 n+1 + 1.
For the case n = 1, this result gives the characterization of type A s quivers given in Proposition 3.2. For the case n = 2 and s = 4, there are the following five 2-homogeneous 2-representation-finite algebras
Proof of our results
We put
We need the following easy observations. Lemma 4.1.
(a) Let Λ be a finite dimensional K-algebra of global dimension n. If an indecomposable non-projective Λ-module X satisfies Ext i Λ (X, Λ) = 0 for any 0 < i < n, then we have Ext i Λ (X, Λ) = 0 for any i = n. (b) Let Λ be an n-representation-finite algebra and M a basic n-cluster tilting Λ-module. Then we have an isomorphism τ n X ≃ ν n X for any X ∈ add M without non-zero projective direct summands.
Proof. (a) See [I4, 2.3(b) ].
(b) By the definition of n-cluster tilting and (a), we have Ext i Λ (X, Λ) = 0 for any i = n. Thus we have the desired isomorphism.
Let us show the following easy characterization of (twisted) fractionally CY property.
Proposition 4.2.
We need the following elementary observation.
The following conditions are equivalent.
(i) There exists an isomorphism f : Λ → X in D b (mod Λ) which commutes with the right action of Λ.
Proof. (a) For a Λ ⊗ Λ op -module Y , it is easily checked that the following conditions are equivalent.
• Y ≃ Λ as Λ-modules.
• Y ≃ Λ φ as Λ ⊗ Λ op -modules for some K-algebra automorphism φ of Λ. 
for any 1 ≤ i ≤ a. In particular, we have
for any 1 ≤ i ≤ a. We take c > 0 such that σ c = id, and let
Then one can easily check that
for any 1 ≤ i ≤ a.
(a) By Proposition 4.2(a), we only have to check m 1 = · · · = m a . Since Λ is ring-indecomposable, it is enough to check that m i = m j holds if Hom Λ (P i , P j ) = 0. In this case, we have
for any ℓ. 
The assertion follows from Proposition 4.2(a).
On the other hand, by [I4, 5.4(a) , 5.7(a)], we have
for any 1 ≤ i ≤ n. Using (1) and (2) We only prove the assertion for twisted fractionally CY property. One can show the assertion for fractionally CY property similarly by using Proposition 4.2(b) instead of (a).
By Proposition 4.2(a), we have an isomorphism
. By Proposition 4.2(a), we have the assertion.
We shall prove Corollary 1.5. First of all, note that Λ 1 ⊗ · · · ⊗ Λ k has global dimension n 1 + · · · + n k since K is a perfect field. By Theorem 1.3(a)⇒(b), we have that Λ i is twisted
The second statement is clear from Proposition 0.1 since we have
for any X i ∈ mod Λ i .
4.4.
Proof of results in Section 2. Our Proposition 2.1 is an immediate consequence of the following observation. . By Lemma 4.1(a), the right hand side is zero, a contradiction. Thus we have ℓ i ≤ ℓ j . If ℓ σ −1 (i) < ℓ σ −1 (j) , then similarly we have a contradiction from 0 = Hom Λ (P i , P j ) ≃ Hom Λ (I σ −1 (i) , τ −(ℓ σ −1 (i) −1) n P j ).
Next we give a proof of Proposition 2.2. We have Finally we give a proof of Theorem 2.3. Assume that Λ is ℓ-homogeneous. By Proposition 2.4, the K-automorphism φ of Λ extends to a Nakayama automorphism φ of Π. Clearly we have φ(I) = I. Since φ and ψ coincide in the outer automorphism group of Π, we have ψ(I) = I.
Assume ψ(I) = I. Then ψ induces a K-algebra automorphism of Λ. By Proposition 2.2, we have ψ * (P i ) ≃ P σ(i) and ψ * (I i ) ≃ I σ(i) . Since we have ψ * (τ j n I i ) = τ j n ψ * (I i ) = τ j n I σ(i) for any j, we have ℓ i = ℓ σ(i) . By Proposition 2.1, we have that Λ is homogeneous.
